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1. Introduction
An important stage in the study of fractional integro-
differentiation of functions from generalized Hélder spaces
(see [1] - [4], [7]) is obtaining estimates of Zygmund type;
Estimate of the modulus of continuity of a fractional integral
(fractional derivative) in terms of the modulus of continuity of
the original function.
The main thrust of the work is to obtain an estimate of the
Zygmund type that majorizes the mixed modulus

w(plg’;@(p; h,7) of continuity of a mixed fractional integral
with the weight of integral constructions from the mixed
modulus of continuity @(pp;h,7)of its density ¢(x,y) with
weight p(X, y). These Zygmund-type estimates and action
theorems directly affect the character of the improvement of
the modulus of continuity by a mixed fractional integration

1“7 @ of order (o, p)

a+,C+

1 Xy (t r)dtdr
15/ )= = ,
(18: 010 =] Lty 7
where x, y>0, @, #<(0,1) have not been studied.
It should be emphasized that the presence of weight
significantly affects the nature of the Zygmund type

evaluation. This was known in the case of Zygmund type
estimates for fractional integrals of functions of one variable.

(1.1)

This paper is devoted to the study of certain properties of the
mixed fractional integral (1.1) in weighed generalized Holder
spaces of a function of two variables defined by a mixed
modulus of continuity.

We consider the
Q={(xy): 0<x<b,0<y<d}.
2. Preliminary information and notations

For a continuous function ¢(x,y) on R? we introduce the
notation

operator (1.0 in

f‘f h goJ(x, )=l y) ol y)
[OAln @](X, y)=o(xy+n)-p(xy)

[lAlh,n 40](& y)=p(x+hy+n)-e(x+hy)-e(xy+n)+e(xy),

so that

11 10
p(x+h, y+n)=[Ah,,7 (pj(x, y)+[A h (/)J(X, y)+

(2.1)

01
+[An¢}(x, )+ ply)

Evrewhere in the sequel by C, Cq, Co etc we denote positive

constants which may different values in different occurrences,
and even in the same line.

Let p(x,y) be a non-negative function on Q (we will only
deal with degenerate weights p(x, y)= p(x)o(y)).

Below we follow some technical estimations suggested in [1]
for the case of one-dimensional Riemann - Liouville fractional
integrals. We denote

B(x, y;t,7)= p(xy)-plt.7)

plto)x -t} (y e}

where O<a, <1, O<t<x<b, O<zr<y<d. Inthe case
p(x.y)=p(x)o(y) we have

B(x,y: t,7)=By(x,t)Ba(y,7)+

(2.2)

Bi(xt) . Ba(y.7) 7
(y-of7  (x-tf=

(2.3)

e (x)- ;1 (t) (v)-p2(r)

x:plx‘Plt 7= P2Y)=p\r)
ks phx-tf =207 pa(cNy -7
Let also

Dy(x,h,t)=By(x+h, t)—By(x,t), t,x,x+he[0,b],h>0;
Da(Y, 7,t)=Ba(y +7, 7)-Baly, ), 7, y,y+nel0.d], n>0.
Lemma 2.1. ([1]) Let py(x)=x#, zeR', 0<a<1. Then

X max(z-1,0) (X—t)a
?] . @4
max(u—1,0)
Xx+h h
LR e =2

Similar estimates hold for By (y, z) and Ds(y, 7, z) with

[Ba(x, t) sc(

(2.5)

14

paly)=y".
Remark 2.1. All the weighted estimations of fractional
integrals in the sequel are based on inequalities (2.4)-(2.5).
Note that the right - hand sides of these inequalities have the
exponent max(xz—1,0), which means that in the proof it
suffices to consider only the case x>1, evaluations of
being the same as for x=1.

Now we introduce the characteristics

0,1
o(p;0,c)=sup sup
x ne(0,0]

continuity of the first order, and a

u<1

01
(An go](x, y% - are partial modulus of
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11

wlp; 5,0)=sup sup
x'y0<h§5

0<n<o
continuity of order (1,1).

11
[Ah,,7 go](x, y* is a mixed modulus of

Definition 2.1. Let function ¢(x) is a bounded on [a, b]. The
modulus of continuity of ¢(x) is the expression

olg;5)= sup o) -olx2)
X1, Xp€[a, b] [x—xp|<5

is defined for all & that satisfy the condition 0<5<b-a_
Definition 2.2. A function «(s) (0<5<b-a) is called a
modulus of continuity if it satisfies conditions
1) lim o(5)=0;

-0
2) «(5) is almost increasing on (0,b—a];

3) (o +8)< ald))+ald);

4) w(s) is function continuous in & on (0,b—a]

Definition 2.3. We denote by ®* the class of functions «(5)
defined on (0,b-a], and satisfying conditions
a) «(s) is a modulus of continuity

b) ?@dts Col5);
0

0) 5bfa@dtsw(5);
s t

d) wf(5)~@ |

11
It follows from the definition w(p;5,o) that this function

belongs to @' each of the variables. In addition, we note the
inequality

11 10 01
olp;6,0)< 2min{a)((p;5,0),

o)

Definition 2.4. We denote by ®*(Q) the class of functions of
two variables »(5,o) satisfying conditions:

1) w(s,0)in & forany fixed o ;

2) w(s,0)in o forany fixed .

We call this class the class of mixed modulus of continuity of
the first order of continuous functions of two variables.

The following statements is known, begin first proved in [2]-
[4] (see also [6], p. 197). However, here we give a sketch of
the proof of this lemma, in order to compose the representation
of lightness for the two-dimensional case. Consider the one-
dimensional fractional Riemann—LiouviIIe integral

( 0+(pk X t)l

Theorem 2.1. Let go( ) be continuous on [0, b] and let ¢(0)=0
. For the fractional integral (2.7), the estimate

(2.6)

——Z2 dt,x>0,0<a<l. 2.7)

b o(p, t
o1 0. n)< Chr{%dt 2.8)

is valid.
Proof. Representing (2.7) as

- 40(0)}‘ d 1 }‘Zﬂ(t)—w(o)dt:
0

(I(()z+¢ X (x— t)l a T(a)
= Ayx)+ Az( )

Let h>0; x,x+he[0, b]. We have

Ao 1) Ap(x) = 2= 2O e ],

F(1+a)
olx)=plt) .

(h-ty-e

—t)- (p(t)][(h +tF L —t“*l]dt = A1 +Ap +Ag.

+

O'—-:T

Fa
1
+—— [lo(x
F(a)(J;[ (
We have: |A1|§Ca)((p;x*x+h)a—xa‘. In the case x<h we

have |Aj|<Ch®w(g; h). Let x>h. Then

o .
st 14" ek,

Since

(2.9)

((D;t)dt )

b bow(ot) b
Cx* Lo(p;x) < wlg; x))j( % 2dx < )[( i’g‘f’a)dt < r{ e

It follows from (2.9) that

ba)((p't)
M| < Ch|——-dt.
| 1| g‘] t27a

Further,
"_alpit) olgihg)
agl < |28 ge _pe ] A0 0D 4o cprgn),
olh-t)=* olt-&f
1
with C = [(1—¢£)*1d¢e . To estimate A3 we distinguish the case
0

1) x=h and 2) x<h. In the first case

h
|Ag|< C{ja)(f ,t)[ta_l —(h+t)“’1}it+
0
+ )j(a)(f Dt —(h +t)a1}it} <
h

scz{h%(f,h) hfmy ol f, t)o@
h 2~

Obviously in the second case |Ag|<Cih®a(f;h).
Estimates for Aq, Ay, Az lead to (2.8) if we take into account

the fact that h%a(g; h) is dominated by the right-hand side of

(2.8). The latter is easily obtained in view of the monotonicity
of the function w(¢; t).

To obtain estimates of the Zygmund type in the weighted case,
we use the notation and the proof scheme from [1].

Theorem 2.2. Let p(x)=x#0<u<2-a.
f(x), xe[0,b] satisfies the condition:
1) p(x)f(x)eClop) and p(X) f(x)Ix=0=0;

If the function

b
2) the integral j%;’t)dt converges for y =max (1, w).
o t
Then estimates of the Zygmund type

o(pl& f,h)<c[h0‘+7—1j“’(pf 2P0 4y hj“’(pf t)o|tJ (2.10)
t

o tV
Proof. We denote this g(x) = p(x) f (x). We have

(P& 10 =12 a0+ g ok, (12, gl = r(l ;! B bt

Here the estimates for (Ié{rgkx) are solved in Theorem 2.1.
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Now consider the difference
(Jgﬁrgkx +h) - (Jgig}x) = R (x,h)+ Fa(x,h),

where
x+h X
F(x,h) = j B(x + h,t)g(t)dt, Fz(x,h):jD(x,h,t)g(t)dt.
X a

Taking into account Remark 1.1, we consider only the case
1< u<2—a.From (2.4) we have

X+h[x+hjﬂ L (x+h-t)*
t

|Fl<C | o(g,t)dt.

If x<h, then

X+h .
x Y

Using the property of almost decreasing , We obtain

(9:1)
t
|F1|<Ch/.l+0! l J‘ w(g t- X) dt_ch/l+a 1J m(g t) dt.
x  (t=x# t#
If x>h, then

h  Na(gix+t) dt <
(x+4 1o (x+t)#

X+h .
| Fy |< Ch% (x +h)# j “’(i’t)dt:c

h .
< Choxk1 N w(g;x+t) dt BLIEPPS h“jw(g’XH)dt.
0 (x+ )41 x+t o X+t
Further, it is clear that

h (a
R < ch? [ 209 4
o t
Collecting the estimates F , we obtain the inequality for
0<u<2-a
h (q
IR < Ch“”—lj&y’t)dt, y = max(L, ).

0
We pass to the estimate F,. Using the estimate (2.5), we obtain

-1
|Fz|<ChI[“hjﬂ

When h>x,

o(g;t) dt.

1 (2.12)
(x+h—-t)"%t

. h o
| F2 |S Cha-t—/j—l}( w(gvt) dt< Cha-t—,u—lj w(g,t) dt.
u u
0 t 0t
If h<x, then, we represent the right-hand side of (2.11) as a
sum of three terms:

Chj(x+hjﬂ -

t

o(g;t)  dt
(x+h-t) @ t’

f(x+h)

(x+h-tl et
o(gt) dt
(x+h-tye t’

2 (x+hjﬂ_l
h t
X u-1
Fy=Ch | [xrhj
%(x+h)
Then | Ry < B+ F5+F".
For the term F} the relations are valid x+h<2(x+h-t),
therefore
o@Dt _ ] 0@ g
ot4(x+h—t)2-aH 0 tH
For the summand F}' we have 2t<x+h,so 1<u<2-a we
obtain the estimate

F2<Ch

1
E(Hh) " "
Fy<Ch” | —“’(9’2) t<Chj “’gg’ ) dt
h t”(x+h] THma hte o
2

We estimate the term F3”. Here t>x+h-t, therefore

@91 C @(g:x+h-1) , it follows that

t Xx+h—t
X
F5'< Ch olgix+h=t) X+h2 2
%(x+h)(x+h t)

Because, x+h<2t. Having made the change £=x+h-t and
going back to the variable t, we get

b .
Fy'< on[ 290 gt
h t=
From the estimates F5,F5,F5" follows when h<x

h . b .
2—
o t¥ hto

Thus, when 0< u<2-«

h (o b o
IFy < C(h”“"_l [ “’(tg't) dt+h] “t’ggj;) dtJ, 7= max(L 4) ,

0 h
which completes the proof.

3. Zygmund type estimates

Theorem 3.1. Let < C(Q) and ¢(X, y) =[x=0, y=0=0. Then for
(1.1) we have estimates of the Zygmund type

bd
ol ) | z(q’—t’}dtd (31)
10 1,1
o (f:h,0)<C, hj%dt,
0.1 11 42
w(f;0,17)<Cj nj'a)(Lt;T) T
n

Proof. Using the identity (2.1), we represent the integral (1.1)
in the form

GO R e e e
where
y
)= g A0, gty o0l
11
At,z ¢ |(0,0)
(%, y)=—— H dtdr .
YTy oty P

Let h>0, x, x+he[0,b]. Consider the difference

By v e hf —x® g(Xy Dy,
[ - 2t

1 9 Yg(x- Ly 7)- g(x Y=7) e +
L AP
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1 X Yg(x-t,y-7)-g(x, y-7)
( )f [

t+h)f* -t dtdr .
+r(oc)r/z 00 A7 (t+h)* ‘ 4
The following inequality is valid
10
[Ahf}(x,y)(scuxm)“ |J—”’("’1Xg D e+
11
0y

Wdtdﬂ
“ho(h+eeoh

x yl,1
+[ Tt y-7)|(h+)* L -1*71 rﬂ_ldtdr].
00

We make use of (2.1) and obtain
1,1

y ) 0
[1th fJ(w)(sclp (e x g dys | 2D g
Ch(h+t) %

x1,1 1 1
+lo@@td)|[(h+) " —t*|dt |
0
Using the estimates Aq, A, Az in the proof of Theorem 2.1, it

is easy to obtain

1,1
b
[ £00y+ )~ (eECn J “’(wz—;‘”d (33)
Similarly, we can obtain the estimate
1 1
b,
L Fy+m) - Fy) cde (3.4)

2B

From (3.3) and (3.4) foIIows the inequalities (3.2).
Let h,s>0 and x,x+he[ab], y,y+7¢<[c,d]. Consider the
difference

11 1,1
[Ah,ry f](x.y) [Ahnl//J(X y)—kZlTk =
g(xvy) [(X+ h)a _

= 9\W%Y) a B _\B
" T+ a)T(L+B) X hyﬂ]) i

L’ —yP O gx-ty)-gxy) 4,
T h t+hle
(x+h)* —x 0 g(xy-1)-g(xy) , ,
F(1+a)F(ﬂ) EE——

(y+m? -y# o
mf[ (X—t,y)—g(x,y)][(t+h) _t ]dt+
Gem® -1
ra+ )F(ﬁ)

1,1
) 00 A—t—z 9 |(X%Y)
dtdr +

L@ (B) Sh o (M) % (g + )P

ey -0 - gyl + o/

1,1
At—rg|(X%Y)
0 [ ’ J
+ ! j j’/ [(T+77)ﬁ_1—rﬂ_1}jtdr+
D@(B) Sy (h+tte

(1’1 J( )
At—rg |y
0 ,
t+h)? 1t 1lid
In n+10) P [( 0 }j o

O‘—-><

1"(Ot)l"(ﬁ)

Xy

S S R Y I
TG . ’

[(r + 77)'8_l - rﬂ_lljtdr .
The inequality is valid

1,1
[Ahnf](xy)
11

l
+(y+n)P - yﬁljmdtﬂ(xm)“ X ”0’@’_);2(1 N
o (h-1)* 0(n-1)

1,1
<c(w(<p X Y) | (x+ ) =x% | (y+n)P -9)P |+

+|(y+n)ﬂfyﬂlf&)((p;t, VIh+)* 2L de+
0
y-c1,1
+(x+h-a)% —(x=a)*| | w(p;x-a, 1)@+ 1- T de+
0
hy 1,1
+“. o(p;t, 7)
00

dtdr +
(-t %@ -ot’

1,
o (@t (-2 (7 + )L -

._\

+ B dtdr +

I

hy

]

00

1

+)f ]7 o(@;t, )| (h+ )%=t (7 - 1) Ldtde +
00
Xy
I

11

+ ot o) [(h+)* =t i+ )P L= AL dide J Each

00
term of this inequality is estimated in the standard way and one

can obtain
1,1
Ahg T {(XY)

from which inequality (3.1) follows.

Theorem 3.2. Let p(x,y)=p(x)o(y)=x"y",0< u<2-a,
0<v<2-p. If the function ¢(x,y)eQ satisfies the following

conditions:

1) @o(xy) = p(x Y)e(xy) eCQ)and ¢y(xY)Ix=0, y=0=0;

<C hnj jz(‘/’—;’;dtd

b-ad-c
) | j“’(‘/’o”)dtd the

t T
y-max{l, uy, A=max{1,v}. Then the following estimates of
Zygmund type are valid

integral  converges  for

11

1,0 hi

o (o 1h0) <Gy et 77 2ot ) gy

o t7
1 1
hj a)(P(ﬂt d)dt ’ 05

11

0,1

) n
o (pf;0,7)<Cy nﬂ”l_lj—w(pﬁb’f) dr+
0

T

11

+,7]a’(L;T)d (3.4)

n
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1,1

1,1

o (pf ;h,77) < Cg| W7 L A4 1j jMdtdw
00 t'r

1 11
+h77ﬂ+ﬂ l'[ J‘ W(P@LT) dth+h{Z+}/—l I I C()(p(p;t,f) dtdr +
7,28
r 07 tz
bd
hi| j“’(“" ‘;) dtdz | (3.5)
hn

Proof. By Remark 2.1, it suffices to deal with the case u,v>1.

Let @eHP(p), so that gp(xy)=p(xy)o(xy), where
go(x.y)e HE (p) and go(x, y)x=0, y=0 = 0. For
G(x,y):= )f }/ (% y)oo(t, 7 )dtdz .
0 opt,r)(xft)l_a(yfr)l_ﬁ
We represent G(x,y) in the form

1 Xy oo (t,7)dtdr
T@C(B) | g o (x—t)t ¢ (y-)t A

G(xy) =

Xy

+[ [B(x,y;t,7)pp (tlf)dtdf] =G1(x y) +Ga(x,y).

00

Here the question of the estimation of the modulus of
continuity for the first term is solved by us in Theorem 3.1.
Therefore, inequalities

1,0 1,1 b~ .

o (Gy;h,0) <Cy| h* a)((po;h,d)+hjw((?+‘;’d)dt , (3.6)
h t

0.1 11

b,

(G0 Cof 1 D) 1] 2@l @D

7
11

() <G4 hn” e n)+hnﬂf—wi(/§°_—ﬁ'") dt+

gl bd
+h“77j—w(q;0_’2'r)dr+hnj' [ o(ait,?) dtdr | (3.8)
hn

n T trﬂ

To estimate the term Gy(x, y), we note that the weight being

degenerate, we have
p(x,y)-plt.7)=[p(x)- pthLe(y)- p(e )]+ Al L p(x)- pth+

+ pltholy)-p(e)] ’
which leads to the following representation

Ga(x,y)= E zBl(th)BZ(yJ)(PO (t,7)dtdr +

XY
+] TBi(xtholt, 2Ny -z’ Ldtdr +
00

Xy
+] sz(y,r)(pO(t,r)(X —t)afldtdr .
00
where the notation (2.3) has been used. For the difference

10
[AthJ(x,y) with h>0 and x, x+he(0,b), we have

10 x+h y
[AhGZJ(X y)= | jBl(x+ht)Bz(y ) (t,7)dtdr +
x 0

+ }( _)[/Dl(X, h,t)Bs (Y, 7)ep (t, 7)dtdz +

00
x+h Yy
A jBl(x+ht)Mdtdr+
x 0 (y- T)
XYy X+h'y
+HD1(x,h,t)Mdtdr+ [ jwdtdﬂ
00 (y-oF x 0 (x+h-ty™@

Xy
+[ oot r)[(x +h f'[)"‘_l —(x- t)“‘l]Bz(y, r)dtdz .
00

Since ¢(x,0)=0, then the inequality

1,0 x+hy 1,1
AhGy (X y)< | [IB(x+ht)] Ba(y,7)| @(po;t,7)dtdr +
x 0

xy 11
+[ [1D1(x,h 1) [ Ba(y.7) | @ (go;t, 7)dtdr +
00

1,1
+
| j|Bl(x+ht)|Mdtdr+
x 0 (y- T)
Xy 1,1
(post, 7)
+[ J1D1(xht) | 22 g +
00 (y-o)#
x+h 'y L1
| jmle(yr)ldth
x 0(x+h-t)"¢
xy1,1
+[ ] o(pgit,r) | (x+h—t)* - (x=t)* 1| By (y,7) | dtdr.
00
We make use of (2.1) and obtain

Xx+h

G2(x+h,y)=Ga(x,y)|< I IBl(X+ht)IW((Potd)dt+

11 X+h 1,1
+j|Dl(xht)|w((po,t,d)dt+ j | By(x+h,t)| @ (gp;t,d)dt+
0

1,1 X+h
1Dy gt d)dt+ |
0 X

x1,1 1 1
+ja)((,o0,t,d)|(x+h ¥ - (x—t)% | dt.
0
From the estimates Aq, Ay, Az of Theorem 2.1 and from the
estimates F, F, in Theorem 2.2, one can easily verify the

validity of inequality

w((po,t,d) dt+
(x+h-t) @

L1
10 .
AhGy (x y <C1{ ha+7—1j'wdt
o t7
11
o] Wdt} (3.9)

rae y=max(l, u) .
The estimate
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1,1

ot n .
{AUGZ W{scz Sk KAV I AR
0 T
11 7
MIM’;% ' (3.10)
n T

is symmetrically ot;tained, where A =max(L,v).
11
For the mixed difference [Ah‘qGZJ(x,y) with h»>0 and

x,x+he[0,b], y,y+7r<[0,d] the appropriate representation
leading to the separate evaluation in each variable without
losses in another variable is as follows:

x+hy+n

[Zlh T7G2](X y)= [ [Bilx+h t)Ba(y+7, tho(t, )dwdt+

Xy

XYy
+ _[ fDl(X, h,t)Dy (Y, 77, 7)gp (t, 7)dtdr +

x+h

+ | JB1(X+ht)Dz(y n.7)eo (t,7)dtdz +
x 0

X y+n
+[ ] Di(xh)Ba(y +n.7)po(t,7)dtdr +
0 vy

x+h y+n
+ [ Lh’t)ﬁgoo (t, 7)dtdr +

1—
x y (y+rn-1)
x+h'y

+ I IB!L(X+ht)[(y+77—‘r)ﬁ_l—(y—r)ﬁ_l](po(t,r)dtdr+
X y+n
+[ Dl(x,h,t)(y+77—r)ﬂ_1¢70(t,r)dtdz—+
0y

+)f }lDl(x,h,t)[(y+nfr)ﬂ_l - (yfr)ﬂ_l];ao(t,r)dtdr+
00

x+h y+n 4
+ [ [ x+h=0)%"B(y +n,7)ep(t,7)dtdr +
X oy

7 (X+h—t)a_l—(X—t)a_l]Bz(y+77,T)(p0(t,r)dtdr+
0y

x+h'y

+ [ j(x+h )4 7Dy (y, 17, 7)ep (t, 7)dtdr +
x 0

Xy
+] j[(x +h-t)% 1 (x ft)a_l]Dz(y,ry, )y (t,7)dtdr.
00

The inequality is rightly
X+hy+n
[ ] Bix+ht)By(y+7.7)x

1,1
Ahy Gy |(XY)
Xy

1,1 1,1
x a)((po,t,r)dtd‘r+j le(x h,t)Do (y,7,7) w(pg;t, 7)dtdr +
00
x+h'y 1,1
. jBl(x+ht)D2(ynr)a)((po,t,r)dtdr+
x 0

<C

X y+1 1,1
+[ [ Dux,ht)Ba(y+7,7) @ (gp;t, 7)dtdr +
0y

x+h y}-ﬂ B]_(X-l—h,t) 1,1

+ — o (¢p;t,7)dtdr +
X oy (y+77—T)1ﬁ

x+h'y

1
+ j jBl(x+ht)(y+77 r)'B_l7(yfr)'3_1]1a)((po;t,r)dtdr+
X y+n 1,1
+[ ] Diouh )y +7 -2 o (oit, 7)dtdr +
0y

1
+? jYDl(x,h,t)[(y+ n —T)ﬁfl—(y—r)ﬁfl]lw (po;t, 7)dtdr +
00

x+h y+7n 1 11
+ [ [ x+h=t)%Ba(y+7,7) @(gp;t, 7)dtdr +
X

y

X y+n 1 1 11
+[ [(X+h—t)a_ —(x-t)%~ ]Bz(y+77,r)a)(g00;t,r)dtdr+
0 vy

x+h 'y
+ ] j(x+h 1)% 1D2(ynr)w((p0,t,r)dtdr+
x 0
Xy 1,1
+[ j[(x+ h-t)@1 —(x—t)“*l]Dz(y,n,r) o (po;t, 7)dtdz|.
00

We omit the details of evaluation of each term in the above
representation, it is standard via Lemma 2 1 and yields

< Cyl heHr Ly B 1J Iw(p(p.t,f) dtde +

11
{ Ahpg GZ](X y)

oo tV o
11 11
+h’7ﬂ+/‘i lj‘ J‘ wgp(/f:tn'f) dtdr +ha+7 177.['[ a)(p?t,‘l') dtdr +
ho t on t'r P

+h77j j—“’(p"”t';)dtd

(3.11)
where y =max(L, &) u A=max(L,v).

From the inequalities (3.11), (3.10), (3.9) and (3.6), (3.7), (3.8),
we obtain the corresponding estimates (3.3), (3.4) and (3.5).
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